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Two Higher-Order Shell Finite Elements
with Stabilization Matrix

J. J. Rhiu,* R. M. Russell,} and S. W. Lee}
University of Maryland, College Park, Maryland 20742

A 32-node three-dimensional solid element and a 16-node degenerate solid element that are applicable to analysis
of thin-shell structural problems are presented in this paper. Both elements are formulated by using the
Hellinger-Reissner principle with independent strain. The assumed independent strain field is divided into higher-
and lower-order polynomial terms. The element stiffness matrix associated with the higher order assumed strain
plays the role of the stabilization matrix. Various types of the higher-order assumed strain are tested for the
present elements. The resulting finite-element models require much less time to compute the element stiffness matrix
than the corresponding conventional mixed models or assumed displacement models with a full Gaussian quadrature
rule. Numerical results demonstrate that, with a properly chosen set of higher-order assumed strain, the present
elements produce reliable and very accurate solutions even for very thin plates and thin shells with deeply curved

geometry.

I. Introduction

N recent years, considerable research has been devoted to

developing the shell finite elements that are not subjected to
the detrimental effect of locking and kinematic modes. One
example is the reduced or selective integration technique.
However, it has not always been successful in eliminating
locking. Moreover, an excessively reduced integration may
trigger spurious kinematic modes'? and thus lead to a kine-
matically unstable finite-element model. Other examples are a
stabilization matrix scheme to control the kinematic modes
resulting from the use of a reduced integration,®~> the intro-
duction of an assumed natural coordinate or covariant strain
field,*"® a mode-decomposition approach,'® and the hybrid/
mixed formulation with either assumed strain or assumed
stress, 112

In 1978, Lee and Pian'® presented a mixed formulation
based on the Hellinger-Reissner principle with independent
strain. In conjunction with the degenerate solid-shell element
concept!* and with a properly chosen assumed independent
strain field, this method has generated effective and reliable
finite-element models for linear or geometrically nonlinear
analysis of thin-shell structures.!>~}7 On the other hand, a
three-dimensional solid element can be tailored for modeling
of thin shells. Since the three-dimensional solid element does
not directly include rotation degrees of freedom, it may be
useful for solving nonlinear structural problems where a large
rotational behavior is significant. Using the mixed formula-
tion, an 18-node and a 32-node solid element tailored for
thin-shell analysis were presented in Refs. 18 and 19. How-
ever, in the mixed formulation, it is necessary to invert a
certain matrix to generate an element stiffness matrix. The size
of this matrix is directly related to the number of assumed
independent strain terms. Therefore, this formulation requires
more time to create the element stiffness matrix of the same
size than the assumed displacement model based on the
principle of virtual work. This is a major drawback of the
conventional mixed formulation.
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In Ref. 20, a new mixed formulation also based on the
Hellinger-Reissner principle with independent strain was pro-
posed to overcome the drawback of the conventional mixed
element. In this new mixed formulation, the assumed indepen-
dent strain is divided into a higher-order component and a
lower-order component. The lower-order assumed strain is
substituted with the displacement-dependent strain evaluated
at lower-order integration points. The higher-order assumed
strain adopts a few higher-order polynomial terms, which are
selected to suppress undesirable kinematic modes. By doing
these, it is possible to make the new mixed formulation more
efficient than the conventional mixed formulation. In addi-
tion, the new mixed formulation can provide a rational basis
for introducing a stabilization matrix to element stiffness
matrix. A 9-node and a 16-node degenerate solid shell ele-
ment?"?? and an 18-node three-dimensional solid element®?
were developed with the new mixed formulation.

In this paper, following the above new mixed formulation
concept, a 32-node solid element is developed for the analysis
of thin-shell structures. In addition, a 16-node degenerate
solid-shell element is proposed with a set of assumed strain,
which is different from the set examined in Ref. 22. Because
of the higher-order deformation field assumption, these ele-
ments can represent shell behavior with high accuracy. The
selection of the higher-order component of the assumed strain
field is discussed in detail. Finally, the performance of these
finite-element models is tested by solving several thin-plate
and shell example problems.

II. Finite Element Formulation

Figures 1 and 2 illustrate a three-dimensional solid element
with 32 nodes and the midsurface of a degenerate solid-shell
element with 16 nodes. Local Cartesian coordinates x, y, and
z, which are parallel to the orthogonal unit vectors a,, a,, and
a,, respectively, are used to represent shell behavior as well as
global Cartesian coordinates X, Y, and Z. The method of
choosing these local coordinate unit vectors at integration
points will be discussed later. In addition to these two coordi-
nate sysiems, the parent or natural coordinate system with
components &, 1, and {, is used to describe the shell geometry
and the kinematics of deformation. Note that the three-
dimensional solid element has three degrees of freedom at
each node. On the other hand, the degenerate solid-shell
element needs three translational displacements and two rota-
tional degrees of freedom at each node.
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Fig. 1 A three-dimensional solid element with 32 nodes.

The functional n, for the Hellinger-Reissner principle is
expressed as

1:R=ZJ (srCE—-%sTCa)dVe—W (D

where the sign T indicates summation or assembly over all
elements, ¥, is the volume of element, W is the applied load
term, and T represents transpose. For a solid element, the
independent strain vector ¢ defined on the local coordinate
system is

&= Lsxx 9£yy €22 ’Exy ’Byz’ezx JT (2)

In addition, the displacement-dependent local strain vector &
is expressed as

&= I_Exx 7£-yy 7ézz ,E_Xy $8_yz ,gzx _JT (3)

For a degenerate solid-shell element, the ¢,, and £,, terms do
not appear in Egs. (2) and (3). On the other hand, C in Eq.
(1) is an elastic coefficient matrix. The stress-strain relation-
ship for three-dimensional solids is modified to represent
thin-shell behavior. As discussed in Ref. 23, this is done by
ignoring the effect of normal stress ¢,, on ¢,, and ¢,,. Then,
a modified 6 x 6 elastic coefficient matrix for the present
three-dimensional solid element is expressed as follows:

E vE
T T 00 00
P E 50 00
C= 1—vZ2 1—y? @
0 0 E 0 00
0 0 0 G 0 0
0 0 0 0 BG 0
o 0 0 0 0 G|

where E is Young’s modulus, v is Poisson’s ratio, G is the
shear modulus, and B( = 5/6) is the transverse shear correc-
tion factor. For a degenerate solid-shell element, the 5 x 5
elastic coefficient matrix is obtained by deleting the third
column and the third row in the above expression.

Symbolically, the displacement-dependent local strain vec-
tor z in Eq. (3) can be expressed in terms of the element nodal
degrees-of-freedom vector g, as follows:

&= B({n.0q. (3)

X

Fig. 2 The midsurface of a degenerate solid-shell element with 16
nodes.

where B is a matrix relating £ to g¢,.

In the conventional mixed formulation, ¢ in Eq. (2) is
composed of polynomial terms in the parent coordinates &, 7,
and {. For example, the three-dimensional solid element with
32 nodes in Ref. 19 employed 116 terms for the assumed
strain field. Then, a substantial computing time is required to
generate the element stiffness matrix of this finite-element
model because of the need to invert a matrix of size
116 x 116.

Following the approach used in Refs. 20-22, the indepen-
dent local strain vector ¢ in the present formulation is divided
into such that

£E=¢g +é&y (6)

where ¢; is the independent local strain vector with lower-
order polynomial terms in &, 5, and {. On the other hand, ¢,
is the higher-order component of the independent local strain
vector.- Substituting Eq. (6) into Eq. (1), the functional =,
becomes

]
p=Y <f efCedV, —EI el Ce, dV, +f ehCedv,

1 .
—J e Ce, dVe——Ej. e5Csy dVe>—W N

For the 32-node solid element of rectangular parallelepiped
geometry or the 16-node degenerate solid-shell element of flat
rectangular geometry, the strain vector £ is at most bicubic in
¢ and 7 and linear in {. Assuming the lower-order indepen-
dent strain vector g, to be biquadratic in ¢ and n and linear
in { for the present elements, the first, second, and fourth
integrals in Eq. (7) can be integrated by 3 x 3 x 2-point
Gaussian quadrature rule with two points used in the {
direction. The remaining terms are integrated by the
4 x 4 x 2-point rule. Even though these integration rules hold
only for the rectangular parallelepiped element or the flat
rectangular element, they will be used even for the elements of
arbitrary geometry in the present formulation.

According to the equivalence between the assumed strain
and the displacement-dependent strain as discussed in Refs.
13, 24, and 25, it is possible to choose &, such that

g, =& ®

at the 3 x 3 x 2 lower-order integration points. Then, apply-
ing the integration rules and the equivalence given in Eq. (8),
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ng in Eq. (7) is written as

Tp=Y (% LETCE av, + La,T,CE dav,

1
— | eLCedV,—= | eLCeydV, |— W 9
L 2 )y

where the letters L and H under the integral signs represent
the 3 x 3 x 2 point integration and the 4 x 4 x 2 point inte-
gration, respectively.

The higher-order strain component g is assumed to be, at
most, bicubic in & and # and linear in {. Symbolically, it is
written as

&y = P({n.0)a, (10)

where P is the shape function matrix of the higher-order
assumed strain and «, is the vector of the higher-order as-
sumed strain parameters.

Introducing Eqs. (5) and (10) into Eq. (9), the functional
7 IS rewritten as

1 1
nR=Z(EqZKLqe+aZqu—EaeTHae_quQe> (11)

€

where

"

K,={ BTCBdv, (12)
JL

G= PTCBdVe—JPTCBdVe (13)
JH L
~

H=| PTCPdV, (14)
JH

and Q, is the element load vector.

Setting dng =0 with respect to «, leads to the following
compatibility equation in discretized form between the higher-
order assumed strain parameters and the element nodal de-
grees of freedom vector:

e, =H 'Gq, (15)

Substituting Eq. (15) into Eq. (11), the expression for ny is
written as

1
nR=Z<§queqe_qZQe) (16)

e

The element stiffness matrix K, is expressed as

K, =K, +K; (17
where K is given by

Ks=G'H'G (18)

In Eq. (17), the first term K,, which is expressed in Eq.
(12), is the element stiffness matrix of the assumed displace-
ment model with the 3 x 3'x 2 point reduced integration rule.
The K, matrix has the spurious kinematic modes, which will
be shown in the next section. In the present formulation, this
kinematic modes are suppressed by the K matrix with a
carefully chosen set of higher-order strain components. Ac-
cordingly, the K matrix plays the role of a stabilization
matrix. It should be noted that the present formulation does
not require a parameter in introducing the stabilization ma-
trix or some orthogonality conditions for the higher-order
assumed strain field, while the stabilization scheme in Refs.
3-5 requires such a parameter or condition.
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Note that, as shown in Eqs. (12) and (13), it is necessary to
evaluate the B matrix at the two sets of integration points for
generation of element stiffness matrix. In Refs. 21 and 22, the
B matrix at the lower-order integration points was interpo-
lated from the B matrix evaluated at the higher-order integra-
tion points. However, this interpolation scheme is not
adopted in the present paper since it does not lead to savings
in computing time.

III. Kinematic Modes and Higher-Order
Assumed Strain
For the spurious kinematic modes of the K, matrix,

=0 (19)

at the 3 x 3 x 2 integration points. Using Eq. (19), the kine-
matic modes can be determined analytically for a three-
dimensional solid element with regular parallelepiped
geometry and a degenerate solid-shell element with fiat
rectangular shape geometry.

A. Three-Dimensional Solid Element with 32 Nodes

When the global and the local coordinate systems coincide
with each other, the displacement component u for a cubic
element with sides along x = +1, y =41, and z = +1 may
be written as

U=a,+ax + a3y + a; x>+ asxy + agy? + a; x> + agx?y
+agxy?+ aoy’ + a; Xy + ap x4 apxy® + ax’y?
+asx%p + ayexy  + 2(by + byx + byy + byx?* + bsxy
+ by + byx> + bgx?py + boxy® + bypy® + by x3y
+ b1 X+ bi3xp® + b x’y? + bysx?p? + biex’y?) (20)

and the other two components v and w can be similarly
expressed. Note that », v, and w are displacements in the x, y,
and z directions, respectively. Using these expressions for
displacements, Eq. (19) leads to 108 homogeneous equations
with 96 unknown parameters. Solving these equations gives
the displacement fields that produce zero strain. Excluding the
rigid body modes, the spurious kinematic modes are identified
as follows:

u=cy(3x>+y?*—5x%?; v=—c;x(x>+3y>—5x%?)

(21
u = cp7(3 — 15x% — 5y% + 25x2p?);
v = —cyx2(3 ~ 5x% — 15p2 + 25x2%y?) (22)
u = c3xp(9 — 15x2 — 1592 + 25x%y?) (23)
v = caxp(9 — 15x% — 152 + 25x2y?) (24)
w = csxp(9 — 15x% — 1592 + 25x%p?) (25)
u = cgxyz(9 — 15x2 — 15y2 + 25x%y?) (26)
v = cyxpz(9 — 15x% — 15p% + 25x2p?) (27
w = cgxyz(9 — 15x% — 152 4 25x2y?) (28)

where c,,...,cg are arbitrary constants. Among the above eight
spurious kinematic modes, the modes in Eqs. (21) and (22)
are incompatible and disappear for an assembly of only two
elements. All other modes are compatible and may result in
an unstable finite element even after assembly of elements. In
the present formulation, these compatible modes are to be
suppressed by properly choosing higher-order strain terms.
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The strain terms corresponding to the compatible kinematic
modes in Eqs. (23-28) are given by

£, = (9 —45x2%y — 15y + 75x%3)(c; + ¢62) (29)
&, =(9x — 15x — 45xy°> + T5x3y?)(cs + ¢12) (30
£, =cg(9xy — 15x3y — 15xy3 + 25x3%y?) (31
£ = (9x — 15x3 — 45xy2 4+ 75x3y?)(c3 + ¢62)
+(9y —45x2y — 15y3 + 75x2y3)(c, + ¢52) 32)
£,, = ¢;(9xy — 15x7y — 15xy> + 25x%?)
+(9x — 15x3 — 45xy2 + 75x3y®)(cs + ¢32) (33)
&, = cs(9xy — 15x%y — 15xy3 + 25x3%%)
+ (9y — 45x2y — 15p3 + 75x2y3)(cs + ¢42) (34)

These equations provide a basis for selecting higher-order
assumed strain terms. For example, the kinematic mode asso-
ciated with ¢, can be suppressed by including either x2y* in
e or x’y? in ¢, where the superscript H represents the
higher-order strain component. The kinematic mode corre-
sponding to ¢ is suppressed by including either the x3y? term
in % or the x?y? term in &% In the present formulation, both
terms are included in the assumed strain components to avoid
a directional imbalance to the element stiffness matrix. There-
fore, more than one choice of higher-order assumed strain
field can be employed to suppress the compatible kinematic
modes. However, the number of assumed strain terms inde-
pendent of the z coordinate should be minimized to avoid
locking,!3-2!

With these considerations, we may choose the following
higher-order strain field for the three-dimensional 32-node
solid element:

2 =0, el =0; efi=0 (35a)
e¥ =, x%y3 + oy x3y? + 032023 + agzx3y? (35b)
ef = asx3p? + aezxy? el = a;x%3 +ogzx?y® (350)

where o,,a,,...,45 are unknown parameters. The size of P
matrix in Eq. (10) is 6 x 8. In this assumed strain version,
referred to as Al, the polynomial terms in ¢Z, suppress the
kinematic modes related to ¢, ¢,, ¢4, and ¢,. The terms in &%
or in eI suppress the remaining kinematic modes associated
with ¢ and ¢;.

Noting that the mode associated with ¢z can be suppresssed
by including x3y3 in ¢, another version of the higher-order
assumed strain field is obtained as follows:

e =0, e =0; el =a;x%3 (36a)
e = a,x%y3 + ayx3p? + agzx?y’ + aszx’y? (36b)
e =oex’y?% eH =a,xY? (36¢)

This set, called the A2 version, has seven unknown parame-
ters, resulting in a 6 x 7 P matrix. In this version, the kine-
matic mode associated with ¢; is suppressed by x*y? in &% or
2,3 3 H
x%y>in efl.
The compatible kinematic modes corresponding to ¢;, ¢,,
¢s, and ¢; can also be suppressed by the following set of
higher-order assumed strain field:

e =, x+azx?y? e =ayx3p? tauzxy? (37a)
=0, ¢ =0 (37b)
el = asx3y? + agzxy? ef =axyP +agzx?y®  (370)
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In this version, designated BIl, the higher-order polynomial
terms in ¢, suppress the modes represented by c¢; and ¢;. On
the other hand, the terms in ¢ suppress the modes associated
with ¢, and ¢;. The remaining modes are suppressed by the
terms in either &7 or /7.

Alternatively, the following set of the higher-order strain
field, referred to as B2, can be used to suppress the compat-
ible kinematic modes:

e = x3+azx?y?; el =oyx’y? +auzx’y? (38a)
el =osx’y’ e =0 (38b)
e =a,x%y% e =ax?y? (38¢)

For an element with an arbitrary curved, irregular shape
geometry, the higher-order assumed strain components are
chosen by replacing x, y, and z in Egs. (35-38) with the
parent or natural coordinates &, n, and {, respectively. For
example, the higher-order assumed strain &%, in Eq. (35b) is
replaced with

el = %8207 + 0,807 + a3 {80 + 4, {8,

Other strain components are similarly expressed. Then, the
higher-order assumed strain fields selected in this manner
consist of incomplete polynomial sets in ¢ and #. For an
element with an arbitrary shape geometry, this leads to an
element stiffness matrix which is, in general, not invariant.
The invariance of an element stiffness matrix is enforced by
assigning a specific orthogonal local coordinate system at
each integration point for a given element geometry.!” As
shown in Fig. 3, two unit vectors »; and v, are parallel to the
parent coordinates £, n and the unit vector v, bisects v, and
v,. The unit vectors a,, a,, and a; of the local coordinate
system is determined as follows: First, a, is obtained such that
a; = (v, x v,)/|[v, X v,]||. Next, the rotation of v,, around a; by
45 deg counterclockwise gives a,. Finally, a, is found from
a, = a; x a,. With this definition of unit vectors, a unique set
of the local coordinate system is established at each integra-
tion point. This leads to an element stiffness matrix indepen-
dent of the choice of the global coordinate system.

The element locking is determined by the z- or {-indepen-

dent terms in the assumed strain components of ¢Z,, e, ¢

o »yo sxy’
&
yz>

and e, The ¢ component plays no role in the element
locking. Thus the Al version element and the A2 version
element are expected to exhibit a similar element locking
behavior because, excluding ¢, they have the identical {-in-
dependent terms in the assumed strain field. Similarly, the Bl
version and the B2 version will exhibit almost identical ele-
ment locking characteristics. On the other hand, the A version

ay
A

Fig. 3 Three orthogonal unit vectors a,, a,, and a; of a local
coordinate system.
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models (M32A1 and M32A2) and the B version models
(M32B1 and M32B2) for the present three-dimensional solid
element utilize different higher-order assumed strain terms in
e, e and eZ,. Therefore, for curved shells, the two ver-
sions could exhibit a different degree of inplane or membrane
locking.

B. Degenerate Solid Shell Element with 16 Nodes

Expressing translational displacements u, v, and w and
rotational angles 6, and 6, as polynomial functions in x and
y, we can obtain the analytical expressions for the spurious
kinematic modes of the flat rectangular element with sides
x = +1and y = +1 by applying Eq. (19). As shown in Ref.
22, the kinematic modes are as follows:

u=d y(3x>+ y*—5x%?); v=—dx(x*+3p2—-5x%?) (39)
0, =d,x(3 — 5x% — 15y + 25x%?);

0, = d, x(3 — 15x2 — 5% + 25x%p?) (40)
u =dyxp(9 — 15x2 — 15p2 + 25x%?) (41)
v =dyxy(9 — 15x% — 152 4 25x%y?) (42)
w =dsxy(9 — 15x% — 15y2 + 25x%y?) (43)
0, = dgxy(9 — 15x% — 15y + 25x%y?) (44)
0, = dyxp(9 — 15x% — 15y + 25x%?) (45)

Among the above kinematic modes, the modes in Egs. (39)
and (40) need not be suppressed at an element level since they
are incompatible and disappear for an assembly of only two
elements. The remaining modes are compatible and are sup-
pressed by the higher-order assumed strain terms.

Following a similar argument given in the 32-node solid
element case, the following set of the higher-order assumed
strain field, the A version, can be used to suppress the
compatible kinematic modes in Egs. (41) to (45):

e =0; el =0 (46a)
e =0, x%p% + a,x3v? + oyzx %y + o zx3y? (46b)
el =asx’y? e =a,x%’ (46¢)

In this set, the higher-order terms in ¢ suppress the kine-
matic modes related to ds, d,, dg, and d;. The term in either
&,, Or &, suppresses the mode represented by ds.

" An alternative choice, the B version, is given as

e =y x?P +azx?yd el =ayx’y? +oauzx’y? (47a)
8fy =0 (47b)
e =asx?y? e =a,x%3 (47¢)

This B version of the higher-order assumed strain was investi-
gated in Ref. 22. In this version, the compatible kinematic
modes associated with ds, d,, dg, and 4, are suppressed by the
terms in ¢Z and .

For an element with arbitrary geometry, the higher-order
assumed strains and the local coordinate system are chosen in
the manner described previously for the 32-node solid ele-
ment. Note that the A version element (M16A) and the B
version element (M16B) have different polynomial terms in
ef, ¢, and ef . For curved shells, this difference could
manifest itself as a different degree of membrane locking.

IV. Numerical Tests
Simple benchmark example problems were used to test the
performance of the present finite-element models with the
different sets of the higher-order assumed strain field. Numer-
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ical results are compared with analytical or other independent
solutions. All computations were performed in double preci-
sion on the Sun Microsystems machine at the University of
Maryland. The present numerical examples do not address
the results of the patch test. However, these results will be the
subject of a forthcoming paper.

A. Comparison of Computing Time

In order to evaluate computing efficiency, a test was run in
which the stiffness matrix of a single element was computed
25 times consecutively. The test result shows that for the
16-node degenerate solid-shell element, the computing time
for the present formulation is only about 30% of that of the
conventional mixed model and about 78% of that of the
assumed displacement element with the 4 x 4 x 2 point inte-
gration rule. A similar result was obtained for the 32-node
three-dimensional solid element. Clearly, the present mixed
formulation is far more efficient than the conventional mixed
formulation.

B. Clamped Square Plate Under a Uniform Pressure

A clamped plate is a good example problem to investigate
the degree of transverse shear locking for a finite-element
model. Due to symmetry in geometry and loading, a quarter
plate was used for modeling. Three uniformly divided 1 x 1,
2 x 2, and 3 x 3 meshes and two distorted meshes, 2 x 2D
and 3 x 3D as shown in Figs. 4a and 4b, were tested for the
length to thickness (L/f) ratios of 10%, 10%, and 10*. Elastic
constants used here are £ =107 psi and v =0.3.

Table | lists the numerical values of the central deflection
normalized with respect to the analytical solution obtained
from thin-plate theory.?® The 32-node solid-element models
produce very accurate solutions for the L/t ratios of 10? and
10%. For the L/t = 10* case, the 32-node solid element shows
slightly the effect of transverse shear locking. However, this
value of L/t ratio is beyond the practical range. For L/t = 10°
and 103, there is no difference among the different versions of
the 32-node element. This appears due to the fact that all
versions have the same (-independent terms in the higher-
order assumed strain components e/Z and ¢Z. For L/r = 10%,
there are some differences among them.

The 16-node degenerate solid elements (M16A and M16B)
based on the present mixed formulations do not exhibit any
transverse shear locking regardless of mesh distortion and the
L/t ratios. As expected, M16A and M16B gave identical
results since both A and B versions have the same terms in the
assumed &/, and &f{. The 16-node degenerate solid-shell ele-
ment based on the assumed displacement method, referred to
as D16 in this paper, gives numerical results close to the
analytical solution for the uniform regular meshes. However,
for the 2 x 2D mesh, the performance of D16 element deteri-
orates as the plate becomes thin. Although the performance is
improved with the 3 x 3D mesh, the D16 solution is still
about 8% lower than the analytical solution for L/t = 10%

L2

a) b)

Fig. 4 Two distorted meshes for a clamped plate: a) 2 X 2 mesh; and
b) 3 X 3 mesh.
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Table 1 Normalized maximum deflection of the clamped square plate
Lt Mesh M32A1,M32A2 M32B1,M32B2 MI16A,M16B D16
1x1 0.9961 0.9961 0.9965 1.0482
2x2 1.0018 1.0018 1.0021 1.0016
10° 3x3 1.0019 1.0019 1.0022 1.0002
2x2D 1.0021 1.0021 1.0024 0.9945
3x3D 1.0018 1.0018 1.0021 1.0013
Ix1 0.9945 0.9945 0.9945 1.0474
2x2 1.0002 1.0002 1.0002 1.0000
10? 3x3 1.0003 1.0003 1.0003 1.0000
2 x2D 0.9959 0.9959 0.9969 0.9486
3x3D 0.9995 0.9995 0.9996 0.9978
I x1 1.0281 1.0234 0.9945 1.0474
2x2 0.9779 0.9680 1.0001 1.0000
10* 3x3 1.0063 1.0128 1.0002 1.0000
2x2D 0.9598 0.9630 09713 0.3007
3x3D 0.9765 0.9788 0.9979 09173
Table 2 Normalized maximum deflection of the pinched circular ring
R/t Mesh M32A1 M32A2 M32B1 M32B2 MI6A M16B D16
60 2 0.9990 0.9990 0.9768 0.9768 0.9993 0.9766 0.7405
3 1.0002 1.0002 0.9975 0.9975 1.0002 0.9975 0.9051
100 2 0.9988 0.9988 0.9467 0.9467 0.9991 0.9457 0.7298
3 1.0000 1.0000 0.9928 0.9928 0.9999 0.9928 0.8885
500 2 0.9987 0.9987 0.8059 0.8059 0.9990 0.7994 0.7233
3 0.9999 0.9999 0.9298 0.9297 0.9998 0.9292 0.8769
1000 2 0.9989 0.9987 0.7879 0.7878 0.9989 0.7803 0.7224
3 0.9990 0.9994 0.9022 0.9022 0.9998 0.9020 0.8763
p P
C
D C
A B

P
Fig. 5 A pinched circular ring.

C. Pinched Circular Ring

As shown in Fig. 5, two concentrated loads (P) are applied
to the opposite sides of the ring. Utilizing the symmetrical
conditions, equally divided two- and three-element mesh were
used to model a quarter of the ring. Four values of R/t ratio,
60, 100, 500, and 1000, were considered here. Again, elastic
constants were E =107 psi and v = 0.3.

Table 2 lists the nondimensional deflection at the load point
normalized to the analytical solution.'*> With only two ele-
ments, the M32A1, M32A2, and the M16A models give
highly accurate numerical results over the range of R/t ratios
tested here. On the other hand, the elements with the type B
assumed strain (M32B1, M32B2, and M16B) need more
refined meshes than the previous models to obtain satisfactory
numerical solutions. As R/t increases, the B-version models

ja——— L/Z‘»l

P
Fig. 6 A pinched cylindrical shell.

converge even more slowly than the A-version elements. As
expected, for the 32-node element, there is little difference
between the Al and A2 versions. Similarly, Bl and B2
versions of the 32-node element are very close to each other.
For all R/t ratios, the D16 element shows poorer performance
than either the A or B version elements. The D16 model
exhibits symptoms of locking as the ring becomes thinner.

D. Pinched Cylindrical Shell with Diaphragmed Ends

Figure 6 depicts a cylindrical shell under two opposite
points load (P) on the circle at the midsection. Both ends of
the cylinder are diaphragmed. The radius of the cylinder, R, is
4953in. and the length L =2R. Elastic constants are
E = 1.05 x 107 psi and v = 0.3. Due to geometric and loading
symmetry, only one octant of the cylinder was modeled by
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Fig. 7 Meshes for the pinched cylindrical shell: a) 3 X 4 mesh; b) 4 X S mesh; and ¢) 5 X 6 mesh.

Table 3 Nondimensional deflection at load point C(— Etwc/P)
of the pinched cylinder

Mesh
R/t Element Ix4 4x5 Sx6 Analytical
M32A1 165.7 166.8 167.1
M32A2 165.2 166.5 167.0
M32B! 165.4 166.7 167.1
100 M32B2 165.0 166.4 166.9 164.3
MI16A 165.2 166.0 166.3
MI16B 165.0 166.1 166.4
D16 131.1 .151.2 159.1
M32A1 637.4 643.6 647.6
M32A2 628.4 641.1 646.7
M32B1 631.5 640.2 646.0
300 M32B2 622.5 637.7 645.1 647.3
MI6A 637.0 643.2 647.2
MI16B 631.5 639.7 645.6
Dié6 322.7 444.0 530.8
M32A1 1197.8 1204.6 12154
M32A2 1160.3 1192.2 1211.2
M32B1 1161.2 1192.7 1206.6
500 M32B2 1123.4 1180.2 1202.3 12234
MI6A 1197.5 1204.5 1215.5
MI16B 1162.6 1192.2 1206.4
D16 422.8 675.1 846.8

Table 4 Nondimensional deflection at point A(—Dw,4/PR?)
of the hemisphere

Number of elements

R/t Element 4 9 16 Analytical
M32A1 0.178 0.185 0.185
M32A2 0.170 0.184 0.185
M32B1 0.174 0.183 0.185
250 M32B2 0.169 0.182 0.184 0.185
MI6A 0.175 0.185 0.185
MI16B 0.172 0.183 0.185
D16 0.028 0.113 0.160
M32A1 0.165 0.182 0.183
M32A2 0.141 0.181 0.183
M32B1 0.161 0.177 0.181
500 M32B2 0.152 0.177 0.181 -
MI6A 0.153 0.181 0.183
MI16B 0.157 0.177 0.181
D16 0.008 0.054 0.123

two regular 3 x 4 and 4 x 5 meshes as shown in Figs. 7a and
7b and one irregular 5 x 6 mesh illustrated in Fig. 7¢c. Small
size elements were employed in the vicinity of the load point
C where the steep gradient of deflection is expected.

Fig. 8 A hemispherical shell subjected to alternating concentrated
loads. .

Table 3 reports the nondimensional deflection at the load
point of the cylinder for R/t ratios of 100, 300, and 500.
Analytical solutions based on a shell theory that neglects the
effect of transverse shear strain are given by Fliigge.?” For the
R/t =100 case, the present elements with the A version or the
B version assumed strain field give numerical values very
close to the analytical solutions regardless of mesh types. For
R/t =500, M32A1, M32A2, and MI16A elements show
slightly faster convergence than M32B1, M32B2, and M16B,
respectively. In the cases of R/t =300 and 500 with the 3 x 4
mesh, the M32A1 or the M32B1 model is slightly better than
the M32A2 or the M32B2 model, respectively. On the other
hand, D16 shows the effect of locking. Its performance deteri-
orates as R/t ratio increases.

E. Hemisphere under Alternating Point Loads

Figure 8 shows a hemispherical shell subjected to alternat-
ing concentrated loads (P) at its free edge. The radius (R) is
1.0in. and elastic constants are E=10"psi and v=0.3.
Again, symmetry conditions permit modeling the problem
with only a quarter of the hemisphere. For ease of modeling,
a small segment within 0.5 deg of the point C was excluded,
and the proper boundary conditions were applied along the
cut edge. Meshes with 4, 9, and 16 elements were generated by
dividing the shell structure uniformly over the angles 0 and ¢.

In Table 4, the computed nondimensional deflection
—Dw,, /PR? is listed. The symbol D represents bending rigid-
ity, and w, is the normal deflection of the point A of the
hemisphere. Numerical results for R/t ratios of 250 and 500
are given in the table. The  analytical solution for the
R/t =250 case was reported by Morley and Morris.”® For
R/t = 250, the solutions for the 16-element mesh of all present
elements agree with the analytical solution. Again, for both
R/t ratios, the mixed models with the B version assumed
strain shows slower convergence than those with the A ver-
sion assumed strain. For the four-clement mesh, the M32A2
element produced lower solutions than the M32A1 element
especially for R/t = 500. However, as the element number of
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meshes increased, both models gave almost identical results.
As is the case for the pinched cylindrical shell, the D16 model
shows severe effects of locking, especially for the R/t = 500
case.

V. Conclusions

In the present mixed formulation, the assumed independent
strain field is split into a lower-order part and a higher-order
part. This leads to a substantial saving in computing time
needed to generate an element stiffness matrix. As the com-
puting time comparison test indicates, the present formulation
requires much less time to evaluate the element stiffness
matrix than the conventional mixed formulation and less time
than even the assumed displacement model with the 4 x 4 x 2
point integration.

The higher-order assumed strain field is chosen to suppress
only compatible spurious kinematic modes, and thus the
resulting elements are kinematically unstable at element level.
However, the unsuppressed kinematic modes are incompatible
and disappear with an assembly of only two elements. There-
fore, the present formulation leads to globally stable finite-
element models.

For the 32-node solid element, four sets of the higher-order
assumed strain field were tested. Among these, Al and A2
versions are essentially equivalent to each other as far as
locking is concerned since they share the same z or {-indepen-
dent terms in %, e, ¢Z, e!l, and ¢ components. Similarly,
Bl and B2 versions are equivalent to each other. The A
version and the B version are different in that they use
different terms in e, ¢!, and &¥. The numerical tests
essentially support these observations. The pinched ring prob-
lem demonstrates the marked difference between the A ver-
sion and the B version assumed strains. However, the other
shell problems show much less difference. For the 16-node
element, similar observations are made regarding the differ-
ence between the A version and the B version assumed
strains. All in all, the A version assumed strain appears to be
better than the B version for both the 16-node degenerate
solid-shell element and the 32-node three-dimensional solid
element.

The present higher-order elements are free of locking and
kinematically stable when assembled. Therefore, they can be
used for the analysis of shell structures with a high degree of
confidence. Moreover, they can provide benchmark solutions
against which other lower-order finite elements can be tested.
In the near future, the present formulation will be extended to
geometrically nonlinear isotropic and composite shells.
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